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Òîêîâûå ñëîè è ôèëàìåíòû â ðåëÿòèâèñòñêîé ïëàçìå

Êèíåòè÷åñêîå óðàâíåíèå â ñòàöèîíàðíîì áåññòîëêíîâèòåëüíîì ñëó÷àå:

v
∂fα
∂r

+ eα

(
E +

1

c
[v × B]

)
∂fα
∂p

= 0.

Óðàâíåíèÿ Ìàêâåëëà â ñòàöèîíàðíîì ñëó÷àå:

E = −∇ϕ, B = [∇× A],

∆ϕ = −4π
∑
α

eα

∫
fαd

3p,

[∇× [∇× A]] =
4π

c

∑
α

eα

∫
fα

p

mαγa
d3p
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Áóäåì èñêàòü ðåøåíèå, îäíîðîäíîå ïî z , ïîëå B ëåæèò â ïëîñêîñòè

x , y , ýëåêòðè÷åñêîå ïîëå îòñóòñòâóåò. Òîãäà ϕ ≡ 0, Ax = Ay = 0. Åñëè

ïðåäñòàâèòü ôóíêöèþ ðàñïðåäåëåíèÿ â âèäå ôóíêöèè îò èíòåãðàëîâ

äâèæåíèÿ ÷àñòèö (A = Az)

fα(p, r) = Fα(p, pz + eαA/c),

òî îíà áóäåò òîæäåñòâåííî óäîâëåòâîðÿòü êèíåòè÷åñêîìó óðàâíåíèþ

p
∂fα
∂r

+
eα

c
[p× B]

∂fα
∂p

= 0

Îñòàåòñÿ îäíî óðàâíåíèå íà A

−∆xyA =
4π

c

∑
j

eα

∫
Fα(p, pz + eαA/c)

pz

mαγα
d3p,

ãäå ∆xy = ∂2/∂x2 + ∂2/∂y2. Ïðàâàÿ ÷àñòü åñòü íåêîòîðàÿ ôóíêöèÿ îò

A, êîòîðóþ óäîáíî çàïèñàòü â âèäå dU(A)/dA

∆xyA = −dU
dA
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Â ÷àñòíûõ ñëó÷àÿõ ïëîñêî-ñëîèñòûõ è öèëèíäðè÷åñêè-ñèììåòðè÷íûõ
êîíôèãóðàöèé ïîñëåäíåå óðàâíåíèå ñòàíîâèòñÿ îáûêíîâåííûì
äèôôåðåíöèàëüíûì óðàâíåíèåì

d2A

dx2
= −dU

dA
, èëè

d2A

dr2
+

1

r

dA

dr
= −dU

dA

Åñëè ïðåäñòàâèòü ôóíêöèþ ðàñïðåäåëåíèÿ â ôàêòîðèçîâàííîì âèäå, ãäå
îäèí èç ìíîæèòåëåé - ìíîãî÷ëåí ñòåïåíè d îò ïðîåêöèè îáîáùåííîãî
èìïóëüñà

Fα(p, pz + eαA/c) =
d∑

i=0

F̂αi (p) (pz + eαA/c)i ,

òî ñîîòâåòñòâóþùèé ïîòåíöèàë Ãðýäà-Øàôðàíîâà U òàêæå áóäåò
ìíîãî÷ëåíîì òîé æå ñòåïåíè

U =
∑
α

d∑
i=0

∫
8π2F̂αi (p)

(mαc)i+1

(eαA/c + p)i+2 [p(i + 2)− eαA/c] + (eαA/c − p)i+2 [p(i + 2) + eαA/c]

(i + 1)(i + 2)(i + 3)

c

γα
pdp,

êîýôôèöèåíòû êîòîðîãî îïðåäåëÿþòñÿ âèäîì çàâèñèìîñòåé F̂αi (p).

Åñòåñòâåííîå îãðàíè÷åíèå ïðè ýòîì (ïîìèìî êâàçèíåéòðàëüíîñòè) �

Fα(p, pz + eαA/c) ≥ 0 âî âñåì èíòåðâàëå A, ó÷àñòâóþùåì â ðåøåíèè.
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Åùå îäíèì âàðèàíòîì, ïðèâîäÿùèì ê ïðîñòîìó àíàëèòè÷åñêîìó

îòâåòó, ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè ðàñïðåäåëåíèÿ â âèäå

Fα(p, pz + eαA/c) = F̂α(p) exp

(
pz + eαA/c

p0

)
,

ãäå p0 = const. Òîãäà äëÿ âåêòîðíîãî ïîòåíöèàëà èìååì óðàâíåíèå

∆xyA = −β exp

(
eαA

p0c

)
,

â êîòîðîì êîíñòàíòà β îïðåäåëÿåòñÿ âèäîì çàâèñèìîñòè F̂α(p)

α =
8π2eαp

2

0

mαc

∫
F̂α(p)

[(
p

p0
− 1

)
exp

(
p

p0

)
+

(
p

p0
+ 1

)
exp

(
− p

p0

)]
p

γα
dp,

ïðè÷åì äëÿ íåîòðèöàòåëüíîñòè ôóíêöèè ðàñïðåäåëåíèÿ äîñòàòî÷íî

ïîòðåáîâàòü íåîòðèöàòåëüíîñòè F̂α(p).
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Óðàâíåíèå

∆xyA = −β exp

(
eαA

p0c

)
,

èìååò ðåøåíèå

A(x) = −2p0ce−1α ln cosh
√
βeα/2p0c x ,

ñîîòâåòñòâóþùåå ñëîþ Õàððèñà, êîòîðûé â íåðåëÿòèâèñòñêîì ÷àñòíîì

ñëó÷àå ïîëó÷àåòñÿ èç ñäâèíóòûõ ìàêñâåëëîâñêèõ ðàñïðåäåëåíèé:

fα =
N(x)

(2πmαTα)3/2
exp

(
−p2x − p2y − (pz −mαVα)2

2mαTα

)
,

Ve/Te = Vi/Ti ,
d2A

dx2
= −4π

c

∑
α

eαn0αVα exp

(
eαVαA

cTα

)
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Äëÿ êâàäðàòè÷íîãî ïðåäñòàâëåíèÿ ôóíêöèè ðàñïðåäåëåíèÿ

Fα(p, pz + eαA/c) = F̂α2(p) (pz + eαA/c)2

ðåøåíèÿ ÿâëÿþòñÿ ãàðìîíè÷åñêèìè â ïðîñòðàíñòâå è ïîçâîëÿþò ëåãêî
îöåíèòü âîçìîæíîå ñîîòíîøåíèå ýíåðãèè ïîëÿ è ýíåðãèè ÷àñòèö

εB =
〈WB〉
〈Wα〉

=
B2

max
/16π∑

α
Nαmαc2〈

∫
fαγαd3p〉

=

A2
max

3

∫
F̂α2(p)

e2α
mαc2

p2

m2
αc2γa

p2dp

A2
max

∫
F̂α2(p)

e2α
mαc2

γap2dp + 2

3

∫
F̂α2(p)(E) p

2γa
mα

p2 dp

εB <

∫
F̂α2(p) e2αγa

mαc2
p2

m2
αc

2γ2a
p2dp

3
∫
F̂α2(p) e2αγa

mαc2
p2dp

<
1

3
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Åñëè Fα2(p) ëîêàëèçîâàíà âáëèçè íåêîòîðîãî èìïóëüñà, òî åñòü

ýíåðãèè âñåõ ÷àñòèö áëèçêè, òî

εB =
1

3
· 1

1 + 2

3

p2c2

e2αA
2
max

· v
2

c2
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Ñòàöèîíàðíûå òîêîâûå ñòðóêòóðû äîïóñêàþò ìàñøòàáíîå

ïðåîáðàçîâàíèå (êðûøêàìè îòìå÷åíû �íîâûå� âåëè÷èíû)

p̂ = λp, N̂ = βN, r̂ = r
√
γ̂/γβ

B̂(r) = λ

√
βγ

γ̂
B

(
r

√
βγ

γ̂

)
ïðè óñëîâèè γ̂/γ = const. Ïîñëåäíåå âîçìîæíî â òðåõ ñëó÷àÿõ:

1) íåðåëÿòèâèñòñêèé, γ̂ = γ = 1;

2) óëüòðàðåëÿòèâèñòñêèé γ̂ = λγ;
3) ìîíîýíåðãåòè÷åñêèé γ = const.

Ñîîòíîøåíèå ìàãíèòíîé ýíåðãèè è ýíåðãèè ÷àñòèö âî âñåõ ðåøåíèÿõ,

ïîëó÷åííûõ ìàñøòàáíûì ïðåîáðàçîâàíèåì íåêîòîðîãî èñõîäíîãî

ðåøåíèÿ, îäèíàêîâî ñ òî÷íîñòüþ äî äâîéêè.
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